In this study we consider an exponential decaying form for dark energy as EoS parameter in order to discuss the dynamics of the universe. Firstly, assuming that universe is filled with an ideal fluid which consists of exponential decaying dark energy we obtain time dependent behavior of several physical quantities such as energy density, pressure and others for dark energy, dark energy-matter coupling and non-coupling cases. Secondly, using scalar field instead of an ideal fluid we obtain these physical quantities in terms of scalar potential and kinetic term for the same cases in scalartensor formalism. Finally we show that ideal fluid and scalar-tensor description of dark energy give mathematically equivalent results for this EoS parameter.
I. INTRODUCTION
Recent cosmological observations show that the current expansion of the universe is accelerating [1] [2] [3] [4] [5] [6] [7] . The discovery of cosmic acceleration of the Universe is one of the most significant discoveries over last decade and it challenges to physicists. So far, many models have been proposed to explain accelerated expansion of the universe. The current procedure to explain the cosmic acceleration consists in introducing a dark energy with negative pressure and negative entropy [8] [9] [10] [11] . According to dark energy scenario, the Universe is filled by dark energy of unknown form. The simplest model being the cosmological constant Λ with constant dark energy density and equation of state (EoS) w DE = p/ρ = −1. This model, the popular ΛCDM model, provides an excellent fit to a wide range of observational data. However, there are two well known problems in it. One is the so called fine tuning problem, which is that the observed value of Λ is extremely small compared with particle physics expectations [10] . The other is the coincidence problem, i.e. the present energy density of dark energy Ω Λ and the present matter density Ω m are of the same order of magnitude, for no obvious reason. On the other hand, current observations do not exclude definitely the time dependent evolution of dark energy, then many alternative dark energy models were proposed in the literature (See Refs. [11, 12] for a recent review). There are other dark energy scalar field models with time varying dark energy density and equation of state, such as quintessence which has w > −1 in Refs. [13, 14] , as well as more exotic phantom models with w < −1 in Ref. [15] .
According to dark energy scenario, the dynamical behavior of the Universe depends on time evolution of dark energy which is determined by its EoS. The EoS parameter w for some kind of dynamical fluid would likely not be constant, but would vary with redshift z or equivalently with cosmic time t. In practice the EoS can be obtained * ekrem.aydiner@istanbul.edu.tr in a particular model or constructed directly from observational data, however, the fundamental problem is to select the correct EoS for observed universe consistently related to the early epochs. For probing the dynamical evolution of dark energy, so far many parametrization of w(z) or w(t) have been proposed . In these models, in order to detect the dynamics of dark energy, one usually has to parameterize the EoS parameter, empirically, using two or more free parameters since the study of extracting the information of EoS by fitting with the observational data provides an important way for understanding the nature of dark energy. However, the observational data of redshift might not be reflect the absolute evolution of the Universe for a large time scale. Therefore alternative theoretical models for EoS can be supposed to prediction dynamics of the dark energy and universe in a large time or future.
In this study we consider, as an example, exponential decaying EoS parameter
where w 1 and τ are positive and real parameters of timedependent w(t) function which responsible for accelerating expansion or decaying of the universe. According to presented model, the additional term w 1 e −t/τ in Eq.
(1) corresponds to perturbation of dark energy. The τ also indicates macroscopic relaxation parameter of dark energy. Using this EoS parameter we will discuss several physical quantities such as energy density, pressure and others for dark energy, dark energy-matter coupling and non-coupling cases. We also will present the time dependent behavior of these quantities for dark energy for EoS parameter. Additionally using scalar-tensor description of dark energy we will obtain these physical quantities in terms of scalar potential and kinetic term for the same cases. Finally we will show that ideal fluid and scalar-tensor description of dark energy give mathematically equivalent results for this EoS parameter.
The organization of this paper is structured as follows: In Sec. II, theoretical framework of the FRW equations is briefly presented. In Sec. III, the some physical parameters and dynamics of universe for exponential decaying dark energy form are computed and discussed. In Sec. IV, the analytical results in the scalar-tensor description are presented. Finally conclusion is given in Sec. V.
II. FRW MODEL
In standard cosmology, spatially flat and homogeneous universe's FRW metric is presented in the form
FRW equations in this metric are given by
where κ 2 = 8πG is the gravitational constant, H ≡ a a is Hubble rate and ρ is the energy density.
These FRW equations satisfy the energy conservation law
where (.) indicates the time derivative. p is the pressure of the FRW universe. The relation between ρ and p is given as
where w is EoS parameter of FRW equation which is constant. It takes −1 for FRW framework. However, EoS parameter w may be chosen depending on time t. Especially, in order to explain time evolution of the universe for different time epoch, it is supposed that w changes with time . In this case time dependent EoS is given by
which also satisfies energy conservatioṅ
Integrating of Eq. (7) we can obtain energy density in terms of time dependent EoS as
If Eq. (8) is put into in Eq. (3)'s first equation, time dependent Hubble parameter can be obtained as
However, when w is chosen as a constant, the standard expression of Hubble is recovered
The dynamics of universe depends on time and EoS parameter w. For instance, the cosmological time t should be restricted to be t s and if dt(1 + w(t)) = 0 which occurs at t = t s , H diverges which behavior of corresponds to the Big Rip singularity. On the other hand, in the case of w < −1, Hubble parameter takes H > 0 which corresponds to phantom era and w > −1 corresponds to quintessence where the Hubble takes H < 0.
III. IDEAL FLUID DESCRIPTION A. Dark Energy Case
In this section let us consider the universe filled with dark energy whose EoS is w (t) = −1+w 1 e −t/τ defined in Eq. (1). We will obtain some physical quantities using by this EoS and give numerical solutions. The time dependence behavior of EoS parameter w(t) is plotted in Fig. 1 for w 1 = τ −1 = 1. As it can be seen from figure that the EoS is w(t) = 0 at t = 0 which is max value of the EoS and it exponentially decreases with time and reach to -1 at relatively large time. In with time between −1 < w < 0, it has been shown in previous studies [13, [39] [40] [41] [42] that this range fits current cosmological observations best. However, we note that time evolution of the dark energy is still debate. Present EoS models may not enough to carry out the dynamics of universe, therefore, alternative EoS models can be used. Our model is consistent with previous studies [13, [39] [40] [41] [42] . Time dependent dark energy density for EoS parameter in Eqs. (1) can be obtained as
where w 0 is an integral constant, w 1 and τ are other constants mentioned above. Dark energy density (11) satisfies conservation laws (4) and (7). Eq. (11) has an singularity at t = 0 for all w 0 = w 1 . The time dependence behavior of dark energy density ρ is given in Fig. (2) .
As it can be seen from Fig. (2) that energy density has maximum value at t = 0. However, dark energy density also exponentially decreases with time and it reaches to constant value at relatively large time. The behavior of the energy density is natural consequences of EoS parameter. Dramatically decreasing of energy density can be interpreted that universe is rapidly expanding, as unexpectedly, or dark energy may transform from one of kind to another form due to interactions energy-energy or energy-matter so on. On the other hand, we note that ρ has a physical meaning. For instance, it is assumed that the universe in phantom phase era if ρ > 0. In this regime, energy density of universe exponentially grows. On the contrary, universe is in non-phantom phase if ρ < 0. Then, in this case, energy density exponentially decreases. In our model, ρ is less than zero. This provides that EoS model consistent with non-phantom phase of universe. Hubble parameter and its time derivative for EoS in Eq. (1) are respectively given as
and
Hubble parameter and its time derivative have singularities for all w 0 = w 1 at t = 0. These behaviors correspond to Big Rip singularity. Time dependence of Hubble parameter and its time derivative are respectively plotted in Fig. (3) and (4) for constant parameters w 0 = w 1 = τ −1 = 1. As it can be seen from Fig. (3) while the value of Hubble parameter is maximum at t = 0. It exponentially decreases with time and reaches to constant value at relatively large time. On the other hand, the time derivative of Hubble parameter shows different behavior from Hubble parameter. As it can be seen from (14) which defines acceleration of the universe in cosmological time. This parameter also has singularity for all w 0 = w 1 at t = 0. The acceleration parameter is plotted versus time in Fig. (5) for constant parameters w 0 = w 1 = τ −1 = 1. As it can be seen from Fig. (5) , acceleration parameter for constant values of parameters rapidly maximum value in sort time range and later it smoothly decreases to a constant value at large time. It may be considered that the sort time regime where rapidly increasing of acceleration parameter corresponds to inflation era of the universe. The large time behavior of the acceleration parameter in Fig. (5) also show that universe reaches to constant accelerating parameter. On the other hand, the pressure can be obtained from
which is known as second FRW equation. With help of Eqs. (12) and (13), pressure of the dark energy for exponential decaying EoS can be obtained as
The Eq. (16) also indicates that the pressure has singularity for all w 0 = w 1 at t = 0. The pressure in Eq. (16) is plotted versus time for constant parameters w 0 = w 1 = τ −1 = 1. As it can be seen from Fig. 6 that negative pressure increases with time for exponential decaying EoS. Similar singularity also appears in pressure expression for w 0 = w 1 at t = 0. However the singularity does not appear for all w 0 = w 1 values and t > 0. This figure shows that negative pressure exponentially increases with time.
B. Coupling Case of Dark Energy and Matter
So far we discuss some quantities for only dark energy which is defined in Eq. (1), however, in a more realistic situation, universe is filled with matter and dark energy. Moreover it is generally assumed that the matter interacts with the dark energy. In a such case, the total energy density is given by ρ tot = ρ + ρ m where ρ m is the density of matter in the universe. Here we must state that dark energy ρ and energy density ρ m of the matter separately satisfy the energy conservation law (4) . Energy density of the matter is given by (17) where ρ 0 is a constant and an w m EoS parameter for matter. Hence, in the presence matter dark energy interaction, the dark energy density ρ is described as
Additionally, the total pressure for matter and dark energy combination is given by p tot = p + p m where p indicates dark energy pressure for EoS in Eq. (1) and p m corresponds to matter pressure which is defined as
with EoS parameter w m is constant. From the second FRW equation, dark energy pressure in the presence of dark energy and matter coupling can be written as
Using (15) and (16), we can write pressure as
which also satisfies conservation relation (4). Now we can define a new EoS parameter for the coupling dark energy and matter as
. (22) Here we note that all physical quantities can be redefined for a suitable scale factor a.
C. Non-Coupling Case of Dark Energy and Matter
On the other hand in the case of non-coupling between dark energy and matter, the pressure and density cannot be defined separately. However, EoS parameter can be described by
where w = −1 for FRW and g(t) is an arbitrary function of time t. Hence EoS for dark energy fluid for no-coupling case is written as in Ref. [38] 
Finally using EoS in Eq. (1), Eq. (24) can be arranged as
which also satisfies energy conservation (4).
IV. SCALAR-TENSOR DESCRIPTION A. Scalar Field Case
In this section, we will obtain the same physical quantities discussed above by using scalar-tensor description following method in Refs. [43] [44] [45] [46] [47] [48] . Let us start with following action:
where Ω (φ) is the kinetic term and V (φ) is the scalar potential in terms of scalar field φ which only depends on the time t.
In the scalar-tensor formalism, energy density ρ and pressure p caused from in the presence of scalar field φ are respectively given by
Combining (3) with (27) and (28) we can obtain kinetic function and scalar potential as
where H is the Hubble parameter. In case of φ = t and H = f (t), equations (29) and (30) can be presented as
where f (φ) is described as
These conditions in (31) and (32) satisfy scalar-field equation
where dot indicates time derivation and prime denotes derivation according to scalar field. We note that the scalar field φ can be redefined as φ → F (φ) where F (φ) is the arbitrary function. Moreover the scalar field φ can be used as time coordinate such as φ = t. Having in mind these details and using Eqs. (29) and (30), we obtain energy density and pressure in the form
For the action, (26) 
, we can reobtain inhomogeneous EoS for dark energy in the form
On the other hand, in the scalar-tensor description, using definitions (12) and (13), the kinetic term Ω (φ) and the scalar potential V (φ) for EoS (1) can be written as
respectively. If we put Eqs. (38) and (39) into Eqs. (27) and (28), we get energy density and pressure relations
which clearly confirms that EoS and scalar-tensor analysis are equivalent.
B. Coupling Case of Scalar Field and Matter
Let us consider a universe filled with scalar field φ and matter. EoS of matter is p m = w m ρ m (w m is constant) and scalar field φ depends on the time t for coupling case. In this case, action is given by [44] 
where L m is the matter Lagrangian density. For metric (2) , corresponding FRW equations are given by
where ρ φ and p φ are energy density and pressure for scalar field φ, on the other hand, ρ m and p m are energy density and pressure for matter. Combining (41) and (42) with (29) and (30) we can obtain kinetic function and scalar potential term for coupling case between scalar field and matter, respectively
By using Eqs. (12) and (13), kinetic function and scalar potential for coupling case to the exponential dark energy are respectively rewritten as
Finally, if we put Eqs. (45) and (46) into Eqs. (27) and (28), we get energy density and pressure relations
These results clearly confirm that EoS and scalar-tensor analysis are mathematically equivalent.
C. Non-Coupling Case of Scalar Field and Matter
Now, let us consider non-coupling between dark energy and matter as a final case. In the case of no-coupling, matter and scalar field satisfy energy conservation separately. Hence kinetic function and scalar potential can be obtained as Ω(φ) = − 2 κ 2 f (φ) − (w m + 1)F 0 e −3(1+wm)F (φ) (47)
Under assumptions φ = t and H = f (t), by using Eqs. (12) and ( 
where F (φ) = dφf (φ) and F 0 is an integration constant. Using the relation between scale factor and arbitrary scalar function F (t) a(t) = a 0 e F (t) , a 0 = (
inhomogeneous EoS for non-coupling case can be ob- 
which also confirms that ideal fluid description and scalar-tensor description are mathematically equivalent for exponential dark energy.
V. CONCLUSION
In summary, considering an exponential decaying form for dark energy as an example we compute several physical quantities such as energy density, pressure and others for dark energy, dark energy-matter coupling and dark energy-matter uncoupling cases in ideal fluid and scalartensor description of dark energy. Finally we show that these approximations are mathematically equivalent. We state that the exponential decaying EoS parameter may be used to dynamics of universe as well other EoS parameters.
